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EFFECTIVE DIFFUSION OF A DYNAMICALLY PASSIVE 

IMPURITY IN NARROW CHANNELS 

A.  I .  M o s h i n s k i i  UDC 532.542.2 

The diffusion equation is r a r e l y  solved success fu l ly  by analyt ical  means  when it  contains a convect ive 
t e r m  in which the veloci ty  components  a r e  complex functions of the space  coordinates .  In the case  of diffusion 
in channels ,  the author of [1] p roposed  a method of reduc ing  the basic  equation to a s imp le r  f o r m  containing an 
effect ive  diffusion (dispersion) coeff icient .  This  approach  was l a t e r  followed in tens ively  (see [2-4], for  ex-  
ample ,  where  other  approaches  to the p r o b l e m  were  also proposed) .  He re ,  we obtain a s i m i l a r  equation of e f -  
fect ive  diffusion in na r row channels under  the condition that the s t r e a m  function in the channel used to e x p r e s s  
the d i spe r s ion  fac tor  is known. Calculat ion 6f the s t r e a m  function is  an independent p rob l em.  We subsequent ly  
use  the re la t ions  obtained to solve the p r o b l e m  of ex t rac t ing  a subs tance  f r o m  nar row t r enches  (slits) when the 
channel has  a boundary through which exchange of the subs tance  with the ma in  flow is  poss ib le .  

As is  known, the flow scheme  of L a v r e n t ' e v  [5] ag r ee s  be t t e r  with exper imen ta l  r e su l t s  than does o ther  
models  for  the flow of a low-v i scos i ty  fluid in a t rench .  The flow model is based on the t h e o r e m  [6, 7] of con-  
s tancy of vor t ic i ty  in c losed regions .  However ,  vor t i c i ty  may  not be constant  when the v i scos i ty  coeff icient  p 
is va r iab le  [8]. Assuming  that  the vor t i c i ty  d is t r ibut ion  was known, we obtained a genera l  express ion  for  the 
s t r e a m  function in a na r row cavi ty bounded by the coordinate  l ines of an or thogonal  coordinate  s y s t e m .  As an 
example ,  we examined the case  of ex t rac t ion  of a subs tance  f r o m  a deep sl i t .  

We p ropose  an in tegra l  t r a n s f o r m a t i o n  which canbe  used to solve a c e r t a i n r a n g e  of p r o b l e m s  of the d i s -  
pe r s i on  of a subs tance  in channels .  

1. Der iva t ion  of Equation of Effect ive  Diffusion and Initial  Condition. We will a s sume  that  the length of 
the channel in the X 1 d i rec t ion  is  much g r e a t e r  than the length in the X 2 direct ion.  The boundar ies  of the chan-  
nel a r e  a s sumed  to coincide with the coordinate  l ines of the plane Xp X 2. We will l imi t  ou r se lves  to the two-  
d imens ional  p rob lem.  Let  the s t r e a m  function ~ in the channel be known, and le t  i ts  values  at the boundar ies  
of the channel be equal to zero .  Then the components  of the veloci ty  of the fluid in the channel a r e  de te rmined  
by the fo rmulas  

v 1 = H ~ I O T / O X 2 ,  v 2 = - -  H ' Z : O ~ / O X : , ~ .  (1.1) 

where  H1,2(X 1, X 2) a r e  the Lam~ constants .  The equation of diffusion of the impur i ty  in the channel has the f o r m  

e2H1H.~ ~ -t- ,W ( , ,  ~ ~//20z,] ~- \ t t l  0x:] '  (i.2) 

W(~,c)  o, 0c 0, 0c 
0x 2 0x l 0x 1 0x2 '~ 

while the d imens ion les s  p a r a m e t e r s  and coord ina tes  a re  connected to the d imensional  p a r a m e t e r s  and coo r -  
dinates by the re la t ions  
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x i x 2 ~F ~W~ ~oI2 D 2 

H e r e ,  c i s  the  c o n c e n t r a t i o n  of the  s u b s t a n c e ;  l I and l 2 a r e  the  d i m e n s i o n s  of the  channe l  in the  d i r e c t i o n s  of the  
X 1 and X 2 axes;; T i s  d i m e n s i o n a l  t i m e ;  ~0 i s  t h e  c h a r a c t e r i s t i c  s c a l e  of  the  s t r e a m  funct ion;  D i s  the  c o e f f i c i e n t  
of  m o l e c u l a r  d i f fus ion .  If  we a s s u m e  tha t  the  q u a n t i t y  n i s  on the  o r d e r  of un i ty  o r  g r e a t e r ,  t hen  the  " n a r r o w -  
h e s s  ~ c o n d i t i o n  of  the  channe l  wi l l  be  e x p r e s s e d  by  the  i n e q u a l i t y  l 1 >> l z o r  ~ << 1. T h e  c h o i c e  of  t i m e  s c a l e  
was  s u g g e s t e d  to us  by T a y l o r ' s  s u c c e s s i v e  a p p r o x i m a t i o n  p r o c e d u r e  [1] fo r  t h e  a n a l o g o u s  p r o b l e m  i n  a c h a n -  
ne l  when the  n o n s t e a d y  t e r m  i s  i g n o r e d  in t he  f i r s t  a p p r o x i m a t i o n  and c o n s i d e r e d  in the  s e c o n d  a p p r o x i m a t i o n .  
I t  c an  be shown tha t  in  the  c a s e  of  f low l a t h e  channe l ,  t he  p r o c e d u r e  p r o p o s e d  be low l e a d s  to the  T a y l o r  d i s -  
p e r s i o n  equa t ion  in the  f i r s t  a p p r o x i m a t i o n i f  we s t a r t  out  on t h e  b a s i s  of the  c o r r e s p o n d i n g  d i f fus ion  equa t ion  
a n a l o g o u s  to  (1.2). We a s s u m e  tha t  t he  w a l l s  of  the  channe l  a r e  i m p e r m e a b l e  to t h e  i m p u r i t y ,  i . e . ,  t ha t  we have  

the  b o u n d a r y  cond i t i ons  

Oc/Ox2 ~=0,1 = 0, (1.3) 

wh i l e  a t  t he  i n i t i a l  m o m e n t  of t i m e  we have  

clt=o = g(xl, x2). ( i .4)  

W e  wi l l  not  c o n c r e t i z e  the  cond i t i on  on the  b o u n d a r y  x~ = 0 l i nk ing  the  channe l  wi th  the  e x t e r n a l  f low o r  the  con -  
d i t i on  on the  b o t t o m  of the  channe l  x l  = 1. It i s  n a t u r a l  to s o l v e  p r o b l e m  (1.2)-(1.4)  by the  me thod  of  s m a l l  p e r -  
t u r b a t i o n s  [9, 10] in  the  f o r m  of a s e r i e s  

c = co -t- eci + e'c~ + . . . ,  (1.5) 

Hav ing  i n s e r t e d  t h i s  s e r i e s  into Eq.  (1.2) and h a v i n g  g r o u p e d  t e r m s  of the s a m e  o r d e r  wi th  r e s p e c t  to ~, we 

o b t a i n  

O[(H1/H2)Oco/Ox.~]/Ox2 = 0; (1.6) 

O[(H, ig2)~c/Ox2l/Ox,, = W(r c0); (1.7) 

w (r + - X -  - = 2 ,  3 (i.8) 

We no te  tha t  E q s .  (1 .6)-(1.8)  do not  con ta in  d e r i v a t i v e s  of  t he  sough t  func t ions  with r e s p e c t  to t i m e  (at  i >_ 2, 
the  e q u a t i o n s  con t a in  t he  t i m e  d e r i v a t i v e s  of  f u n c t i o n s  which  m u s t  be  d e t e r m i n e d  e a r l i e r  by  s u c c e s s i v e  i n t e g r a -  
t i on  of  e q u a t i o n s  wi th  s m a l l e r  n u m b e r s ) .  T h i s  m a k e s  the  p r o b l e m  a s i n g u l a r l y  p e r t u r b e d  p r o b l e m  [9, 10] and 
r e q u i r e s  t h e  c o n s t r u c t i o n  of  c e r t a i n  c h a r a c t e r i s t i c s  of  the  i n t e r n a l  so lu t ion .  

The  i n t e g r a l  of  Eq.  (1.6) s a t i s f y i n g  cond i t i on  (1.3) h a s  t he  f o r m  c o = F(x l ,  t ) .  Then  (1.7) i s  s i m p l i f i e d ,  and 
i t s  f i r s t  i n t e g r a l  wi l l  be 

~c,'/Ox~ = (~HJH~)OF'/~xl, (1.9) 

w h e r e  we u sed  t h e  t r i v i a l i t y  of t h e  s t r e a m  func t ion  at  t he  w a l l s  x 2 = 0; 1. Now we i n t e g r a t e  Eq.  {1.8) fo r  x 2 w i th -  
in  (0, 1) a t  i = ?.. A f t e r  c e r t a i n  c a l c u l a t i o n s ,  we ob ta in  t he  equa t ion  

rn(x~)OF/Ot = 0{ [D,(x,) J.- D2(x,)]OF/Oxl }/Ox, (1.10) 

to  d e t e r m i n e  the  func t ion  F = c 0. H e r e  

1 ] 1 

(x.) = j H H 2 m = lb2< dx'2'D~(x~)-~nJ'ff'dx2''x (i.ii) 
0 0 0 

F o r  s i m p l i c i t y ,  we a s s u m e  tha t  e v e r y w h e r e  in t he  r e g i o n  x,, x~ ~ [0; l },0 < 6 ~< H1, H2 ~< N < oo, so tha t  a l l  
of  t he  i n t e g r a l s  (1.11) c o n v e r g e .  S i m i l a r l y ,  we find the  fo l lowing  f r o m  (1.9) and (1.8) a t  i = 3 

0___FC H~ _ 
cl = / r n-- ~x~ + V (x ,  t), ax 1 - - 1  

w h e r e  the  func t ion  G i s  d e t e r m i n e d  by  the  equa t ion  

(1.12) 
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m (Xz) ~ = a 0G D3 (x,) (D I + D~) ~ + ~ -{- 

I 1 1 

O~F ~ II 2 OF ~ He 0~, O~F [ H1H2~ dx~, § nax2 ' v ~ -~-1 ~'dx~ + nTx. J ' ~ - ~ d x 2  - - -  Oz z Ot O 
'o  ~ ~ o (1.13) 

x 2 x 2 1 

0 0 0 

i .e . ,  by (1.10), but with a nonvanishing sou rce  t e r m  e x p r e s s e d  through the function F. 

If we cannot de s c r i be  the  boundary of the channel by the coordinate  l ine of a c e r t a i n  or thogonal  coordinate  
s y s t e m  but we can sa t i s fy  the inequal i ty  l'. (x 1) << 1, where  x 2 = l~(x 1) a re  re la t ions  de te rmin ing  the boundar ies  
of the channel and the coord ina tes  x 1 and x 2 a r e  Ca r t e s i an  coord ina tes  in this case ,  then ins tead of (1.10) we 
can  use  the s a m e  method to obtain 

l(xz)OF/Ot = O[l(xl)D4(Xl)OF/Ox~]/Ox~, 

where  the function D4(x 1) i s  de te rmined  by the fo rmu la  

:+ 

D4 (xl) = n + .I ~dx2' ! = l+ +- l_. 
t _  

We find the init ial  condition f o r  (1.10) by adding to the in te rna l  solution, f o r  which we change the t i m e  T = 
t / s  2. The equation of ze ro th  o r d e r  with r e s p e c t  to e appea r s  as follows in the in ternal  va r i ab l e s  

HzH2OCo/OT = 0 [(Hz/H2iOCo/dx2 ]/Ox2 (1.14) 

(C is  the in terna l  concentra t ion) .  Having in tegra ted  Eq. (1.14) o v e r  x 2 with (0, 1) and using additional conditions 
(1.3), (1.4), we find 

1 1 1 

0 0 0 

Using the pr inc ip le  of l imit ing combinat ion [9] 

lira C O = l i m c  0 ----F[~=o (1.16) 
T-~oo t ~ O  

in Eq. (1.15), we obtain the sought init ial  condition 

1 

We find the init ial  condition for  (1.13) as follows. We subjec t  the equation H1H2~C1/~T + W[r C 0] = a(H1/H 2) �9 
OC 1/Ox2] / Ox 2 to a Laplace  t r a n s f o r m a t i o n  with r e s p e c t  to the va r i ab le  T fo r  the function of the f i r s t  a p p r o x i m a -  
t ion of s of the in terna l  solution, and we in tegra te  the resu l t ing  re la t ion  o v e r  x 2 within (0, 1). With al lowance 
for  boundary conditions (1.3) and the conditions r -0; 1 = 0 

1 1 

P HIH2Czdx2 = N * ~  dx2': (1.18) 
0 

where  the a s t e r i s k  denotes quant i t ies  subjected to Laplace  t r ans fo rma t ion ;  p is  the Laplace  t r a n s f o r m  var iab le .  
Hencefor th  using the l imi t  equat ion [11] 

limp]* - - - -  l imh (1.19) 
P'~0 T-~o 

we only use information for the function @C~/@x 2 which is asymptotic at p --  0. This information is obtained 
from the Laplace transform of Eq. (1.14). Combination with the external solution and condition (1.17) shows 
that the dominant term of the asymptotic expansion of C~ at p -~ 0 will be p-l<g}. However, this term does not 
depend on x 2, so it does not contribute to the right side of (1.18). The following term R is on the order of unity 
with r e s p e c t  to p. F o r  it, we have the expres s ion  
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aR I f  ~ H~H~ dx~. (1.20) = ~- ,~ [<g> - -  g] 
o 

Subsequen t  t e r r n s  in the  a s y m p t o t i c  expans ion  of  C~ a t  p --~ 0 will  be  of  a l o w e r  o r d e r  with r e s p e c t  to p, so  the i r  
con t r ibu t ion  at  the  l imi t  of i n t e g r a l  (1.18) will  be  z e r o  f o r  p ~ 0. Expans ion  of the e x t e r n a l  so lu t ion  in the in -  
t e r n a l  v a r i a b l e s  c(Te :) = co It=0 �9 ccitt--0 -F s ~ [c~lt=o + TOco/at ItL_0] ~- : . . shows  that  the  p r i n c i p l e  of l imi t ing  c o m -  
b ina t ion  (1.16) can  a l so  be used  f o r  the  func t ions  c~ and C 1. Changing  o v e r  to the  l i m i t  p ~ 0 in (1.18) and us ing  
(1.19) and Eqs .  (1.12) and (1.20), we find the  sough t  in i t i a l  condi t ion f o r  the funct ion G in (1.13): 

G/t=o = t d XH~H, 2 [g - -  <g>] dx~ --  <g> H~H~,dxz . 
m (x l )  d x  1 o o 

(1.2i)  

Thus ,  we have  f o r m u l a t e d  Eqs .  (1.10) and (1.13) and the  c o r r e s p o n d i n g  in i t ia l  condi t ions  f o r  the func t ions  
c o and c l  of the  f i r s t  two a p p r o x i m a t i o n s .  It should  be  no ted  tha t  the  above  p r o c e d u r e  is e a s i l y  g e n e r a l i z e d  to 
the  c a s e  of  the  p r e s e n c e  of  s o u r c e s  of  the  s u b s t a n c e  both wi th in  the  channel  and on i ts  wa l l s  if the  s o u r c e s  a r e  
of low in t ens i ty  (on the  o r d e r  of e2). 

2. Ca l cu l a t i on  of the S t r e a m  Func t ion  and the  E f f ec t i ve  Dif fus ion  Coeff ic ien t .  The  equat ion  f o r  the  s t r e a m  
func t ion  in the channel  wil l  be 

O [( H~'/ H~)O~/ Ox~ ]/ Ox~ -~- e~'nS [( H2/ lt~)a~/ Ox~ ]/ Ox~ = --H~H~o) (2.1) 

with the bounda ry  condi t ions  

~]~z=0;1 ---- 0, ~[h=0;~ = 0 (2 .2)  

(o) = ~Q(X~, X~)i!~/To i s  d i m e n s i o n l e s s  vo r t i c i t y ) .  By having  e in (2.1) a p p r o a c h  z e r o ,  we obta in  the  equa t ion  of 
the e x t e r n a l  p r o b l e m .  We wr i t e  the so lu t ion  of th i s  equat ion,  s a t i s fy ing  the  f i r s t  condi t ion of (2.2), in the f o r m  

x~ 1 ~ x2 [ (~ It 2 I r H~ ] r H~ x, 
(2.3) 

where the "+" and "-" subscripts denote the external and internal solutions, respectively. The internal equa- 
a 1/2 t ion  i s  obta ined f r o m  (2.1) by changing  o v e r  to the i n t e rn  1 v a r i a b l e  x 3 = x l / e n  and then  p a s s i n g  to the l im i t  

g ~ O - *  

a~p_ ] 1 ~ 
o__ r (z~) ~ § - -  H~H~m k = o  (2.4) 

[r(x2) = H1/H2[x 1 =0]. We in t roduce  a new v a r i a b l e  x 4 and a new func t ion  w 1 th rough  the  f o r m u l a s  

% 
o) 1 (x4) ---- H~r Ix=0t x~ = J" dx/r (x). (2.5) 

0 

The funct ion  xt(x 2) has  an i n v e r s e  due to mono t i c i t y ,  s ince  r > 0. We a lso  t ake  advan tage  of th i s ,  having 
e x p r e s s e d  wl t h rough  x 4. Now we w r i t e  the equat ion  fo r  r as  

a~,_lax~ + a~,_lax~ = - ~ (x4). x~ ~ (0, ~), x~ ~ (0, oo) (2.6) 

[~ = x4(1 ) = D2(0)/n], whi le  the bounda ry  condi t ions  

, _  1~ =0;~ = 0, , _  1~=o = o, r  ] ~ - + , +  [z, (x4), 0] = ~ .  (x,). (2.7) 

It  should be noted tha t  the  funct ion  @, (x4) s a t i s f i e s  Eq. (2.6), so  i t  is  e a s i l y  r educed  to a homogeneous  
equat ion.  I ts  so lu t ion ,  obta ined  by  the F o u r i e r  me thod ,  has  the  f o r m  

* -  ---- ** (x~) - -  n~z ~ l  exp ( - -  ~-3)  sm ~ (~) s l n ( ~  )d~. (2.8) 
0 

377 



.,,.~e'.]) t/8 a) ~ f 
0,,9 

o j  

o o,8 

Fig. 1 
7,6 x 

The  g e n e r a l  p a r t  of  the  i n t e r n a l  and e x t e r n a l  s o l u t i o n s  i s  equa l  to  r  (x4), so t ha t  the  fo l lowing  i s  a u n i f o r m l y  
va l id  z e r o t h - o r d e r  e x p a n s i o n  in  ~ f o r  the  func t ion  ~b: 

ak-~-i k k a / d  
0 

I t  shou ld  be no ted  t ha t  we can  s i m i l a r l y  c o n s t r u c t  the  i n t e r n a l  s o l u t i o n  n e a r  the  b o u n d a r y  x 1 = 1. H e r e ,  
Eq.  (2.9) i s  a u g m e n t e d  by y e t  a n o t h e r  s u m .  Th i s  s u m  c o i n c i d e s  wi th  t he  s u m  a l r e a d y  ob t a ined ,  to  wi th in  the  
a c c u r a c y  of the  no ta t ion .  

We wi l l  u s e  Eq.  (2.9) to  c a l c u l a t e  the  c o e f f i c i e n t  D 1 fo r  the  c a s e  of  a deep  s l i t  in  C a r t e s i a n  c o o r d i n a t e s .  
We wi l l  a l so  a s s u m e  that  w = c o n s t .  Then  H 1 = H 2 = 1, x 4 = x 2, ~ = 1, and a f t e r  i n s e r t i o n  of  the  func t ion  r + = 
r --X2)/2 in to  (2.9) and the  r e s u l t i n g  func t ion  ~b into (1.11), we o b t a i n  the  fo l lowing  f o r  the  c o e f f i c i e n t  DI:  

oo 

O1 = s ~  ~)~ {l - -  exp [ - -  (2k + l) nx3l}~/(2k + l) 8. (2.10) 6 ~ 
h ~ O  

S e r i e s  (2.10) c o n v e r g e s  v e r y  r a p i d l y  and,  in p r a c t i c e ,  a s i n g l e  t e r m  of the  s u m  can  be  u s e d  f o r  c a l c u l a t i o n s .  
The  g r a p h  of the  func t ion  D 1 i s  shown in F i g .  1. 

One of  the  m a i n  a p p l i c a t i o n s  of the  f o r m u l a s  o b t a i n e d  h e r e  i s  s t u d y  of d i f f u s i o n  p r o c e s s e s  in c h a n n e l s  
wi th  a f low in a c c o r d  wi th  t he  s c h e m e  in [5]. In t h i s  c a s e ,  the f low v e l o c i t y  v i s  u s u a l l y  a s s i g n e d  f a r  f r o m  the  
channe l ,  and w i s  the  sough t  v a r i a b l e .  V a r i o u s  a l g o r i t h m s  have  been  p r o p o s e d  to  c a l c u l a t e  w [12-14].  How-  
e v e r ,  by  t a k i n g  advan t age  of  the  n a r r o w n e s s  of the  c a v i t y ,  we can  p r o p o s e  an a p p r o x i m a t e  f o r m u l a  l i nk ing  v 
and r i f  we equa te  v to t he  v e l o c i t y  at  the  p o i n t  x 2 = 0.5, x a = 0. We f ind the  fo l lowing  e x p r e s s i o n  f r o m  (2.9) 
(v d i r e c t e d  a g a i n s t  t he  x 2 axis )  

v = I O~/Ox~ll=8=o;x2=o,5 = 0.37t0 (2.11) 

f o r  the  d i m e n s i o n l e s s  v e l o c i t y  v e c t o r .  

3. E x a m p l e .  We wi l l  e x a m i n e  the  e q u a l i z a t i o n  of c o n c e n t r a t i o n s  in a channe l  in  an e x t e r n a l  f low, hav ing  
a s s u m e d  tha t  the  c o n c e n t r a t i o n  of  the  i m p u r i t y  on the  b o u n d a r y  of  the  s l i t  i s  equa l  to  z e r o .  T h i s  a s s u m p t i o n  
i s  va l id  fo r  s u f f i c i e n t l y  h igh  v e l o c i t i e s  of  the  m a i n  f low.  F o r  the  s a k e  of b r e v i t y ,  we d e s i g n a t e  the  C a r t e s i a n  
c o o r d i n a t e s  in t he  u sua l  m a n n e r :  x and y.  The  c a s e  n << 1 i s  t y p i c a l  a t  high v e l o c i t i e s ,  and we wi l l  l i m i t  o u r -  
s e l v e s  to th i s  c a s e .  A s  the  c a l c u l a t i o n s  and the  flow p a t t e r n s  in c h a n n e l s  [5, 12] show,  the  s t r e a m l i n e  bounding 
the r e g i o n s  of v o r t e x  and p o t e n t i a l  f low in a c c o r d  with the  s c h e m e  in  [5] i s  f a i r l y  c l o s e  to the  l i ne  y = 0. Thus ,  
fo r  s i m p l i c i t y ,  we t ake  the  s t r e a m l i n e  to  be a s t r a i g h t  l ine  y = 0. The s a m e  c o n c l u s i o n  can  be r e a c h e d  fo r  n a r -  
row c h a n n e l s  in  the  g e n e r a l  c a s e  a s  wel l .  

W e  w r i t e  the  equa t ion  of  e f f ec t i ve  d i f fu s ion  in t he  f o r m  

Oc/Ot = O{ [n + Dl(y)]Oc/Oy}/Oy. (3.1) 

We t a k e  the  i n i t i a l  c o n c e n t r a t i o n  of i m p u r i t y  in the  s l i t  to  be  uni ty ,  so  t ha t  the  a dd i t i ona l  c ond i t i ons  for  Eq .  (3.1) 
wi l l  be 

c[t= 0 = 1, c[y= 0 = 0, Oc/Oy]y=l ~- O. (3.2) 

By v i r t u e  of  the  s m a l l n e s s  of n, i t  i s  n a t u r a l  to  s e e k  the  s o l u t i o n  of  p r o b l e m  (3.1), (3.2) by  the  p e r t u r b a -  
t ion  me thod .  With  cond i t i ons  (3.2), t he  s o l u t i o n  of  the  e x t e r n a l  p r o b l e m  ( fa r  f r o m  the b o u n d a r i e s  y = 0 and 1) 
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and the internal  p rob lem n e a r  the line y = 1 is  constant  and is equal to tmity. Our main  in te res t  is  in the local 
solution n e a r  the line y = 0, for  which the coefficient  D~ in (3.1) is de te rmined  by Eq. (2.10). It should be noted 
that  the function D~(y) has  a s e c o n d - o r d e r  ze ro  at y = 0. This sugges ts  the f o r m  of the in terna l  var iable :  x = 
y(k/n)~/2 [k = D~ (0)/2 = r The equation of the in ternal  p rob l em takes  the fo rm 

0c'/0~ = 0[(t -~ x~)Oc/Ox]/Ox (3.3) 

with the additional conditions 

C~= 0 = 1, Cx= o = O, Cx..~ --  f in. ,  ~ = kt. 

Use of the Laplace  t r a n s f o r m  with r e s p e c t  to the var iab le  ~, while keeping the notation employed in P a r t  1, 
leads to the p rob l em  

d[(x ~ + l)dc*'/dx]/dx = pc* - -  l; 

c* ]~:=o = O, c*,. dc*/dx{x-~ - -  f i n .  

with the solution 

(3.4) 

(3.5) 

c*(p x) = i lp  " Q~(ix)YpQ~(+Oi), v = - 0 . 5  + ~ - ~  + p (3.6) 

[Qu(x) is a sphe r i ca l  s e c o n d - o r d e r  function]. The s ingular  points  of the function c* (p, x) a re  the pole p = 0 and 
the branch  point p = - 0 . 2 5 .  The R e i m a n n - M e l l i n  in tegra l  

c (~, x)= i .  ~ c*'exp (p~) dp Z~I~ j 
' L  

( integrat ion is done ove r  the s t ra igh t  line Re p = fl > 0), by vir tue  of the asymptot ic  fo rmula  in [15] for the 
function Qv(x) and the J o r d a n  l emma,  can be reduced to the res idue  at the point p = 0 and to the in tegra ls  ove r  
the edges of the sl i t ,  connecting the points  p = oo and - 0 . 2 5  along the negat ive  pa r t  of the r ea l  axis of the plane 
p. A s i m i l a r  s l i t  in the plane x ( - ~ ,  1) was used to isola te  the s ing le-va lued  branch  of the function Q~(x), so 
that the symbol  Q~(+0i) should be taken as the value of the function Q~(x) on the upper  edge of the sl i t .  Using 
wel l -known [15] f o rm u l a s  for Q~(+0i),  the f o rmu la s  linking f i r s t -  and s e c o n d - o r d e r  Legendre  functions, and 
the r e s idue  of the function exp(p~)c* (p, x) at the point p = 0, we have 

oo 
~ ~ rth(nr) exp (-- ~r2~ G~ (z, r) dr 

c =  2arctg----xn 4 ]/r~exp - - - - ( j , ) c ~ r ) ~ l r ( i / 4 _ { _ ~ r / 2 ) l ~  ~ (3.7) 
0 

where  F(x) is  a g a m m a  function, while the function Gj(x, r) is de te rmined  by the fo rmu la s  

Gj (x, r) = Pit-l~2 (~x) + (-- t)J P ~-I/2(-- ~x) 
- -  2 ( - - i )  j '~ ] = i ,  2,, ( 3 . 8 )  

P~(x) is a f i r s t - o r d e r  Legendre  function. We a re  in te res ted  mainly  in the flow of the subs tance  f rom the chan-  
nel, which is found f r o m  the exp re s s ion  

ac I 2 +  8xc exp( --  ~-} f r t h ( ~ r )  e x p ( - - ~ r ~ ) d r  
q = ~ - x  x = o  ----- ~ eh (~r} (P + ~/4) } r (~/4 + ~/21 }~" 

0 
(3.9) 

In d i f ferent ia t ing  the in tegra l  (3.7), we changed the o r d e r  of d i f ferent ia t ion and integrat ion.  This  was 
just i f ied due to the absolute convergence  of the in tegra l  and i ts  de r iva t ives  with r e s p e c t  to x, which exis ts  at 

_> 6 > 0. We also used the equali ty P'~ (0) = --  2 V ~ / F  ( -  W2) r(i/2 + v/2). The integral  in (3.9) converges  
rap id ly  for  l a rge  values of t ime .  Using the Lap-lace method [11], we eas i ly  obtain a formula ,  asymptot ic  at  

-~ oo, for  the d imens ion les s  flow of the subs tance  

2 8 a  5/2 exp ( - -  ~/4) 0 . 6 3 6 6  + 0.8099exp ( - -  4/4) q N  + - -  = 
-~" r 4 (~/4) ~V~ ~ V~ (3.10) 

showing the r a t e  at which q approaches  the s t e a d y - s t a t e  value 2/7r.  It can also be seen  that  q ~ 1/(~r ~)1/2 at  
~ 0 .  
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The solution (3.7) is a uniformly valid solution of Eq. (3.1) of zeroth  o rde r  with respec t  to n. It is  of a 
boundary- layer  cha rac te r  and descr ibes  the initial stage of r e c o v e r y  of the substance f rom the slit .  The "de-  
pletion" of the channel can still  be ignored, i .e. ,  the external  solution can be taken equal to unity. It is in te r -  
est ing to examine the behavior of the mean concentrat ion of the substance in the channel for  long t imes .  To do 
this, we integrate  (3.1) over  y within (0, 1) and we change over  to the dimensionless  coordinates:  

l 1 

<c> = ___t cdxi d<c>/dx = - -  qlFo/12,, ll ~ . 
0 

(3.ii) 

It is evident f rom this that the charac te r i s t i c  time of change in the mean concentrat ion (c) will be T 2 = 121/~o . 
At the same t ime, the charac te r i s t i c  t ime scale  for  Eq. (3.3) and i ts  solution (3.7) T 1 =Dl21 /~  2. We addition- 
ally introduce the "diffusion" t ime T 3 = l ~ / D .  The following relat ion exists  between this t ime scale  and the 
chosen inequality n << 1 

T2/Ta = (T1/Ta) 1/2 -~- D / ~ o  = n t/~ << l, 

which establ ish a h i e ra rchy  of scales:  T 1 << T 2 << T 3. We see f rom this that, f i r s t  of all, solution (3.7) is 
valid for sufficiently short  t imes  ( z << T2), when the change in concentrat ion away f rom the boundary can still 
be ignored. Second, the p resence  of c i rcu la tory  flow in the channel significantly shor tens  the charac te r i s t i c  
t ime of change in (c>, which in the absence of flow is on the o r d e r  of T 3. Equations ]3.7) and {3.9) show that 
the solution of the problem changes significantly only in the narrow st r ip  x 1 = /10(n 1/2) << I l, i.e., c = 1 near ly  
throughout the channel. If we took another constant  in place of unity in initial condition (3.2), then this con-  
stant  would be p resen t  as a mult ipl ier  in Eq. (3.9) and the other  formulas .  We wilt designate this mult ipl ier  
as c~o. By virtue of the above r emarks ,  the mean concentrat ion coincides with coo with a high degree of ac-  
curacy.  Since the mean concentrat ion changes very  slowly in the scale T 1, then replacement  of c~ by (c> in 
Eqs. (3.7) and (3.9) leads to a solution whereby Eq. (3.3) is sat isfied a lmost  exactly.  The evolution of (c> can 
be determined with the same accuracy,  having inser ted the value of q, expressed  through (c) in accordance  
with the last  r emark ,  into (3.11). We thus a r r ive  at the equations 

d <c>/d~ ---- --  ~ <c>, • -~ 2~Fo/~l~. (3.12) 

Changing over  in (3.11) to an asymptotic  express ion  for  the flow of the substance is valid for  t imes  on the o rde r  
of T 2, for which Eq. (3.12) applicable. Here,  ~4 can be regarded  as the coefficient of exchange between the main 
flow and the stagnant channel. 

With the initial condition (c>l 7=0 = 1, Eq. (3.12) is easi ly integrated:  
express ion for c 

(c) = e x p ( - ~ 7 ) .  We also write the 

c,. = <c> c~ (3.13) 

Here,  c is determined by Eq. (3.7). At ~ >> T i, Eq. (3.13) takes which is valid throughout the range of t imes .  
the simple fo rm 

c. ----- (2/n) exp (-- • arctg (xir i ~r-g~). (3.14) 

4. Some Additional Remarks  and General izat ions.  Since Pe = vl~/D >> 1 for sufficiently high velocities 
of the external  flow, then, because T N vl~, D ,  .--. z;'-l~/D >> D o r  n << 1. Thus, Eq. (3.3) is typical for  a channel 
of general  fo rm near  the region of union of the vortex and potential flows. Then it makes sense to determine 
the coefficient k = D~(0)/2, as was shown in Sec. 3 for  the general  case  as well. The sequence of calculation 
is as follows: we expand the function ~ . ( x  4) in (2.8) into a Four i e r  ser ies ;  then we a r r ive  at the variable x 4 in 
Eq. (1.11) for D1; using the Pa r seva l  equality, we obtain an express ion for Dl(x l) in the form of a ser ies ;  dif- 
ferentiat ing this express ion twice and substituting x 3 = 0, we find a sum which, by expanding Green ' s  function 
for the given problem, can be reduced to the fo rm 

66 X 

k D 1 (0~ --  4__ ~ (05 - -  X) ~1 (Z) dx ff ~(1} 1 (y) d~], 
1 0 

(4.1) 

We will mention one other  useful formula  for k. Since x 1 = 0, ~ = 0, and v 2 ~ 0 on the junction line, then 
we find f rom (1.1) that ~P N - -H1v2I~=ox 1. Insert ing this relat ion into the formula for Dl(xl), we find the sought 
fo rmula  
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1 

U ~ k = ,I H~Z2v~ [x~=o dx~ = m (0) < 2> l~=0. (4.2) 
0 

We note that to find the p a r a m e t e r s  of the problem in the limiting case,  it is sufficient to know the distribution 
of v 2 and wl along the in ter face  xl = 0 ra the r  than over  the entire flow region.  This is a significant s impl i f ica-  
tion. If we substitute the velocity of the external  flow v intoEq. (4.2) and put co = const  in (4.1), then after  we 
equate these formulas  we obtain (Cartesian coordinates  x 1, x z) the relat ion v ~ 0.41w, linking v and o~, which is 
sufficiently close to (2.11). 

Boundary conditions of the f irst ,  second, or  third type can be assigned on the boundary x = 0 for  the fun- 
damental  equation (3.3) in the junction region. An effective method of solving the problems created here,  be-  
sides the Laplace t r ans form,  is the use of a special  integral  t r ans fo rm containing the function Gj(x, r) (3.8). 
Using the method in [16], af ter  cer tain t rans format ions  we obtain 

r oc 

](x) = 2o {[h2 + B~(r)]ch(zr)_2hB(r)}2  ~ . . . .  gP(r, B)dB, 

the sought integral  t r ans form,  where h _ 0 is a constant pa r ame te r  in the t h i rd -o rde r  boundary condition 

a~/aXlx=0 = h~, 

(4.3) 

3 " i r  

B(F) 2 t g [ ~ ( i r - - + ) ] F 2  ( ~ - - ~ ' )  
, = B (r) + hG 1 F~" ( i  T ~- ) , ~  , O ( r , x )  G 2 ( x , r  ) (x ,r) .  

I t  is easi ly shown that B(r) and, thus, ~, are  real  on the integrat ion line. In special  cases,  h --- ~ and 0, which 
cor responds  to a t ransi t ion f rom a t h i r d - o r d e r  boundary condition to f i r s t -  and second-orde r  conditions; (4.3) 
becomes the well-known [17] expansions 

oo co 

/ (x) = .  j ~ ~ (x, r) dr ~ [ (~) G~ (~, r) ~ ,  ] = t,  2. 
0 0 

It should be noted that the scale of the s t r eam function ,I~ 0 which has been frequently used here [such as in 
(3.12)] can be expressed through other  p a r a m e t e r s  f rom dimensional relat ions for k [(4.1) o r  (4.2)]. 

In examining the example in Sec. 3, for s implici ty we used a flow scheme in which w is constant over  the 
entire slit. In exper iments ,  some zones with a different (constant) vort ici ty are  seen (see [5], which presented 
a photograph of a flow with two zones and noted that vort ici ty is equal magnitude in the zones but opposite in 
sign). 

The formulas  used in Sec. 2 for  the s t r eam function to calculate the effective diffusion coefficient D~ con-  
tain an a rb i t r a ry  vort ic i ty  distribution in the slit .  In par t icular ,  the distribution is piecewise-constant .  This 
considerat ion can easi ly be taken into account in calculations if the boundaries of the zones and the vort ici t ies  
in them are  known. Since the local solution in the region where the vortex and potential flows join together is 
of decisive impor tance  in the above-examined flow pa rame te r s ,  the foregoing considerat ion is unimportant  for 
obtaining the fundamental boundary- layer  equation in this region (3.3) and analyzing its solution. However, in 
the t ransi t ion to large values of t ime (see Sec. 3) when severa l  vortex zones are  present ,  it is best to replace 
Eq. (3.12) by a sy s t em of N (according to the number  of zones) equations. These equations are  derived on the 
basis of the same considerat ions as (3.12) and appear  as follows: 

d(cx)/dT = --•  + • (c~) - -  (cl)), 
d(cj)]d'~ ---- • --  (c1)) + • - -  (cj)), ] = 2, 3 . . . . .  N -- i, 

alien )/d~ = • (c~-1 > --  (cN)), 

(4.4) 

where we assume that the impuri ty concentrat ion in the main flow is zero ,  and we ignore the possible exchange 
os the substance between the bottom of the channel and the [as tN- thzone .  Averaging of cj is done s imi la r ly  to 
(3.11) over  the ent ire  j - th  zone. System (4.4) is augmented by the natural  initial conditions 

<c~> I~=0 = c~ ] = i, 2 . . . . .  N (4.5) 

and is easi ly solved by s tandard methods. The physical  in terpreta t ion of problem (4.4), (4.5) is as follows. The 
assigned distr ibution of the impur i ty  concentrat ion over  the channel f i rs t  is quickly equalized (in the c o r r e -  
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sponding sca le ,  see  Sec. 3) within the c i rcu la t ion  zones  due to effect ive diffusion. This  leads  to conditions (4.5) 
as well.  The subsequent  evolution of the s y s t e m  is de te rmined  by the re la t ive ly  s l ight  t r a n s p o r t  of the sub-  
s tance  ove r  the boundar ies  of the zones,  s ince the effect ive diffusion coeff ic ient  d e c r e a s e s  sharp ly  h e r e  and 
approaches  the mo lecu l a r  diffusion coeff icient .  This  exchange of subs tance  between zones  is  also desc r ibed  
by s y s t e m  (4.4). 
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